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Abstract 
Liu, Y. and M. Luo, Lattice-valued Hahn-Dieudonm-Tong Insertion Theorem and stratification 
structure, Topology and its Applications 45 (1992) 173-188. 
In this paper, we shall generalize the Hahn-Dieudonne-Tong Insertion Theorem, a classical result 
on semicontinuous functions, to the case that the ranges are a certain kind of lattices L. We 
consider the family of all lattice-valued (lower) semicontinuous mappings as a topology, and then 
solve this problem via reducing it to a problem on a certain kind of separation property. Therefore, 
as a by-product, the following theorem is obtained for a suitable range L: An induced space is 
normal if and only if the underlying space is normal. The relative counterexamples show that the 
limitation for L is necessary. These results and counterexamples point out that normality of 
induced spaces and the existence of latticed-valued inserting mappings close relates to the internal 
characterization of the range L. The previous proofs of the classical insertion theorem are analytic 
and skillful; compared with them, the present method determining mappings via the stratifications 
is very natural and conceptual. The success of the method is based on the study in depth on the 
topological relations among the stratifications. We may hope that the method, which determines 
the mapping via inductively getting its stratifications, will be further applied in other aspects. 
Keywords: Semicontinuous mapping, induced space, lattice-valued insertion theorem, normality, 
completely distributive law, stratification structure. 
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Let (X, F) be a topological space, J; g : X + R be an upper semicontinuous 
function and a semicontinuous function, respectively, and fog, then there is a 
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classical question: Does there exist a continuous function h :X + R such that 
f s h s g? Hahn [4], Dieudonne [ 11 and Tong [ 121 constructed the inserting function 
h for the cases that X is a metric space, paracompact space and normal space, 
respectively. It is easy to observe that existence of this kind of inserting functions 
implies the normality of the space X. That is to say, this insertion question was 
completely solved when Tong obtained his result. In the recent forty years, because 
of the development of computer science, people felt more and more interest in order 
structures. A so-called L-fuzzy set is just a mapping from X to the lattice L, therefore, 
if we generalize the range of the functions mentioned above to some kind of lattices, 
then the investigations on lattice-valued semicontinuous mappings and on the 
existence of inserting mappings is natural in pure mathematics and its applied 
background as well. In this paper, we shall solve this problem for a rather large 
kind of completely distributive lattices. Some interesting counterexamples will show 
that there is a close relation between the existence of inserting mappings and the 
internal characterization of lattices. We consider the topology consisting of semicon- 
tinuous mappings, and reduce this problem to a kind of separation problem in 
induced spaces. Therefore, as a by-product, for a rather large kind of range lattices, 
we prove the following result: An induced space is normal if and only if its underlying 
space is normal. We want to emphasize our new method, stratification structures 
analysis. The proof of the existence of the insertion function in the classical case 
is rather skillful; compared with it, our method not only is very natural and 
conceptual, but also can deal with more general cases. We hope that this method, 
which at first inductively determines its stratifications and then determines the 
mapping via the investigations on the topological structures of each of its 
stratifications, will attract the interests of other topologists and analysists, and will 
be used in wider fields. This point can be considered as a more important aim of 
this paper. 
In this paper, L usually stands for a completely distributive lattice; its largest 
element and smallest element are denoted by 1 and 0, respectively. X means a 
nonempty set. Denote the family of all the L-fuzzy sets on X by Lx, and denote 
an L-fuzzy topological space by (Lx, 7) (call it a fuzzy topological space or a space 
for short). For the convenience of our investigation, here n is a “closed topology”, 
i.e., it is a subfamily of Lx and is closed under infinite intersection and finite union. 
For a subset D of L, denote V D=V {d: d E D}, /j D=A {d: d E D}. For a usual 
mapping f: X + Y, mappings f: Lx + Ly and f -’ : Ly + Lx can be induced as 
follows [ 111: 
f(A)(y) = V 14x1: x E X f(x) =Y), 
f p’(mx) = B(f(x)). 
For a usual subset A of X, its characteristic function is still denoted by A, and for 
each a E L, let aA denote the L-fuzzy set which takes a on A and takes 0 at other 
points. 
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1. Minimum sets and generating sets 
First of all, we investigate the range L. 
Definition 1.1 [3]. Define a relation 4 in L as follows: aab provided for subset 
A of L, if V AZ b, then there exists c E A such that c 2 a. Moreover, for each b E L, 
if there exists a subset M of L such that a 4 b for each a E M and V M = b, then 
we call M a minimum set of b. If b has a minimum set, then it is easy to see that 
b has the largest minimum set. The largest minimum set of b is denoted by /3(b). 
p E L is called a join-irreducible element, if p aavb+paa orp<b. Denotethe 
set of all nonzero join-irreducible elements of L by M(L). 
Lemma 1.2 [13, 141. Let L be a completely distributive lattice. ‘Then each element b 
of L has a minimum set, and /3(b) n M(L) is just a minimum set of b. Moreover, for 
each b E M(L), p (6) n M(L) is a directed set (under the partial order of L). 
Proposition 1.3. Let L be a completely distributive lattice, d E M(L), D be a minimum 
set of d, a E D. Then there exists b E D such that a 4 b Q d; moreover, if a f d, we 
can choose b such that b # a, i.e., 
{a: aad and atd}={a: 3b such that adbad and a(b). 
Proof. If a = d, take b = d. If a < d, consider the subsets B, = {b: b E D and b > a} 
and B, = {b: b E D and b 9 a}, then from the definition of minimum sets, using the 
proof by contradiction, we have V B2 < d. Since D = B, u B, u {a} and d E M(L), 
V B, = d. Now if a 4 b is not true for element b of B,, then there exists a subset 
C,, of L such that V C,,> b and e P a for each element e of C,. Denote the union 
of these C,, by C, then it is easy to observe that V C>V {b: b E B,} = d. By a 4 d, 
there exist some elements e such that e 2 a, this is a contradiction. Hence there 
exists bE B, such that au b and b> a. 0 
Definition 1.4. Let L be a complete lattice. A subset L, of L is called ajoin-generating 
set of L, if each nonzero element of L can be represented as a join of some elements 
of L, . Furthermore, if each nonzero element a can be represented as a join of some 
elements which are strictly smaller than a, then we call L, a strictly join-generating 
sel of L. 
Lemma 1.5. Let L be a completely distributive lattice, L, be a (strictly) join-generating 
set of L. 7%en L, rip(a)) (L, n (p(a)\(a))) is a minimum set of a. 
Proof. For each 6 E p(a), there exists C(6) c L, such that V C( 6) = 6; furthermore, 
if L, is a strictly join-generating set, we can choose C(S) such that each element 
of C(6) is strictly smaller than 6. Clearly, C(6) c P(a). Denote the union of all the 
C(6) by A, we have V A=V (8) = a and A c P(a) (if L, is strictly join-generating, 
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A= B(a)\(a)). Hence A is a subset of L, rip(a)) (respectively, L,n(p(a)\{a})) 
and a minimum set of a. Therefore the conclusion is easy to obtain. 0 
Lemma 1.6. If a completely distributive lattice L has a join-generating set L2 with the 
cardinal GA, L, is a join-generating set of L, then L has a join-generating set L3 such 
that L, c L, and the cardinal of L, is not larger than A2; furthermore, if L, is a strictly 
join-generating set, then so is L,. 
Proof. For each a E L2, there exists C(u) c L, such that V C(u) = a (if L, is strictly 
join-generating, we can choose C(u) such that each element of C(a) is strictly 
smaller than a). For each element b of C(u), there exists a subset o(u, b) of L2 
such that V D(a, b) = b. Hence for each element c of o(u, b), we have c 4 b 4 a (if 
L, is strictly generating, we have c s b <a). For each pair (c, a) (if L, is strictly 
generating, we have c < a), we can take an element g( c, a) of L, such that c s 
g(c, a) s a (e.g. take g(c, a) = b); moreover, if L, is strictly join-generating, we can 
choose g(c, a) < a. Let L, = {g( c, a): a E Lz, c is in some D(u, b)}. It is easy to 
observe that (L,I G 1 L2( x 1 L21 i A’, where the symbol ) 1 means the cardinal, L,= L, 
and V {g(c, a): c is in some D(a, b)} = a (if L, is strictly join-generating, each 
g(c, a) < a). That is to say, L, is the required join-generating set, and if L, is strictly 
generating, L3 is strictly generating, too. 0 
2. Stratifications and Decomposition Theorem 
Let A: X + L be a mapping and b E L, then we call the ordinary subset AEhl = 
{x E X: A(x) 2 b} of X a stratification of A (more exactly, b-stratification). Clearly, 
A can be decomposed to the union of these stratifications, i.e., A = V {bA,,,: b E L}. 
Because this result connects fuzzy set A with ordinary sets Act,,, it is rather useful, 
and is called the Decomposition Theorem. A is determined with its stratifications. 
In fact, for any a E L, suppose D c L such that V D=u, then clearly A,,, = 
n {A[,,: b E D}. Therefore, for A, BE Lx, if they are equal on enough stratifications, 
exactly, for each element b of a join-generating set, their b-stratifications are equal, 
then A and B have the same b-stratifications for each b E L, and hence A = B. In 
the theoretic study and practical applications, the reverse problem is more interesting, 
i.e., if we have enough ordinary subsets A, of X (where (Y belongs to a certain 
subset L, of L), can we obtain a fuzzy set A such that A,,, = A,, for each (Y E L,? 
We have obtained a result in this respect (refer to [7, Proposition 3.4]), we give out 
the following more general conclusion to fit the requirement of this paper: 
Proposition 2.1. Let L, be a subset of a complete luttice L; for every (Y E L, , there is 
an ordinary set A,. If E c L, (Y E L, and KY s V E always impl_y n {A,: 6 E E} c A,,, 
then B = V {aA,: LY E L,} satisjies B,,, = A, for each LY E L,. 
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Proof. Take LY E L,, clearly, B,,, 1 A,. Take XE B,,, arbitrarily, denote E = 
(6 E L,: x E A,}, then cz s B(x) = V E. By the assumption, XE~ {A,: 6 E E} c A,, 
i.e., B,,, = A,, and this completes the proof. 0 
Proposition 2.2. Let L be a completely distributive lattice, L, be a join-generating set 
of L, and for each cx E L, we have an ordinary set A,. If we denote BP = 
n {A,: a up, CY E L,} for every /? E L,, then B = V @BP: p E L,} jiiljils BI,, = BP for 
each /3 E L,. Particularly, if a s /3 implies A, =) A,, then the above B is just C = 
V {aA,: CY E L,}. 
Proof. We use Proposition 2.1 in the proof. Take a subset E of L arbitrarily, and 
take LY E L, such that (Y G V E = e. W e want to prove n{Bs: 8~ E}c B,. For every 
YE L,, denote b(r) = P(r) n L,. By Lemma 1.5, V b(r) = 7. By the definition, 
B,=~{A,:~EPI((Y)},~{B,:~EE}=~{A,:~EP”(~),SEE}.F~~~~~~~EP”((Y), 
we have 7u cy. Since V {p: p E p(S), 6 E E} = V (6: (Y E E} = e a a, there exists p E 
p(S) such that p 2 7, and hence 74 6, i.e., 7~ p(S). In other words, P(Q) c 
l_, {p(S): 6 E E}. Thus we have B, 3 n {B,: a E E}. By Proposition 2.1, the equation 
B,, = BLpl can be proved. As for the last part of the proposition, it is easy to prove 
BP c CcpI; on the other hand, BP 3 C,,, can be proved with minimum sets theory. 
Therefore, B = C. 0 
Remark 2.3. BP in Proposition 2.2 cannot be defined as n {A,: (Y d /3, p E L,} or 
n {A,: a < /3, p E L,}, this shows the importance of the relation u (or minimum 
sets) in some degree. The counterexamples are constructed as follows: Take X = 
(-1,2), L is the rhomb lattice (0, (Y, p, 1). Let L, = L, A, = (-1, l), A, = (0,2), 
A0 = X, A, = (-1, -$), then the BP defined as in the above two definitions are: 
B0 = AU, B, = A,, BP = A,, B, = 0 and B0 = X = B, = B,, B, = (0, l), respectively. 
Take B as mentioned above; we shall have BI,] # B, . 
3. Stratification structures of induced spaces and topologies 
In this section, the relation between topological spaces and fuzzy topological 
spaces will be investigated. There are some papers on this topic, such as [9, lo]. 
But on one hand, the operator which generates an ordinary space (i.e., an underlying 
space) from the fuzzy topological space in the present investigation is more natural; 
on the other hand, the present investigation deeply involves the topological properties 
of stratifications, it is more useful. The present discussion also close relates to the 
semicontinuity of mappings. 
Definition 3.1. A mapping f from a topological space (X, Y) to a complete lattice 
L is called upper semicontinuous (lower semicontinuous, respectively), if for each 
a E L, {XE x: f(x)a a} ({XE x: f(x) G a}, respectively) is a closed subset of X. 
A mapping which is both upper semicontinuous and lower semicontinuous is called 
continuous. 
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Remark 3.2. In lattice-valued mappings, since the elements of a lattice may not be 
compared with each other, so {x: S(x) 2 a} and {x: f(x) < a} may not be the 
complement of each other. If we define an upper semicontinuous mapping f as 
follows: set {x E X: f(x) < a} is an open subset of X, then we have another kind of 
definition of upper semicontinuity, which is not equivalent to that in Definition 3.1. 
We shall not investigate this kind of upper semicontinuity in this paper. In addition, 
from the view of lattice theory, upper semicontinuous mappings and lower semicon- 
tinuous mappings are obviously dual. 
Definition 3.3. Let (Lx, r]) be an L-fuzzy topological space, then the family of all 
ordinary sets in 7, denoted by [ 71, is just a closed topology on X. This topological 
space is called the underlying space (sometimes, the base space) of (Lx, T), denoted 
by (X, [n]). (Lx, 7) is called weakly induced, if each element of r] is an upper 
semicontinuous mapping from the underlying space to L. (Lx, 7) is called fully 
strutzjied, if each constant mapping from X to L belongs to 7. (Lx, 7) is called 
induced, if it is both weakly and fully stratified (for the meaning of the word 
“induced” please refer to Remark 3.11 following Proposition 3.10). 
Lemma 3.4. Let L be a completely distributive lattice, A : (X, 9) + L a mapping, b E L. 
If for each neighborhood U of x in X we have V {A(y): y E U} 3 b, then x E A,,] for 
each c E p(b), where the closure is taken in 9. Furthermore, if A is upper semicontinuous, 
XE A,,, for each CEO(~). 
Proof. Let U be an arbitrary neighborhood of x, then V {A(y): y E U} 2 b. Suppose 
c E P(b), then by the definition of minimum sets, there exists an A(y) 2 c, that is to 
say, there exists y E U n A,,., , hence x E A,,,. When A is upper semicontinuous, 
A,,, = A,,., . The proof is completed. 0 
Proposition 3.5. Let L be a completely distributive lattice, A: (X, Y) + L be an upper 
semicontinuous mapping, x E X. Denote the family of all the neighborhoods of x in X 
by N; then 
A(x)= A V A(Y). 
CJtN VEU 
Proof. Denote the right formula by b, clearly, A(x) s b. Now for each neighborhood 
lJ of x, VVE” A(y) 2 b. By Lemma 3.4, A(x) 2 c for each c E P(b), hence A(x) 2 b. 
The proof is completed. 0 
Remark 3.6. This result was obtained in [6]. In [8], we also proved: In a sense, this 
relation implies the complete distributivity of the range, i.e., this relation is an 
analytical characterization of the completely distributive law. 
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Proposition 3.5’. Let L be a completely distributive lattice, A : (X, Y) + L be a lower 
semicontinuous mapping, x E X. Denote the family of all the neighborhoods of x in X 
by N; then 
A(x)= V A A(Y). 
Consider the opposite lattice Lop of the range L. Since the lower semicontinuity 
and the upper semicontinuity in Definition 3.1 are dual to each other, Proposition 
3.5’ can be obtained from Proposition 3.5. 
Lemma 3.7. Let (Lx, 17) be a fully stratijed space, A E Lx, U be an open neighborhood 
of a point x in the underlying space (X, [q]), then 
V {A(Y): Y E U> 2 &XL 
where A is the closure of A in (Lx, 7). 
Proof. Denote the left by d, then B = dX u (X\ U) 1 A. Since (Lx, 77) is fully 
stratified, B is closed, and hence B 2 A, i.e., d = B(x) 2 A(x). q 
Proposition 3.8. Let (Lx, 7) be fully stratljied, A E Lx, b E L, then 
_ 
(A),,,, c cl(A,,.,), vc E P(b), 
where A is the closure of A in (Lx, v), cl is the closure operator in (X, [ 71). 
Proof. Take x E (A),hI, i.e., A(x)> b. By Lemma 3.7, for each open neighborhood 
U of x in the underlying space, V {A(y): y E U} 2 b. By Lemma 3.4, x E cl(A,,.,). 
The proof is completed. 0 
Theorem 3.9. Let (Lx, r]) be an L-fuzzy topological space, for each a E L\(O), D(a) 
is a minimum set of a. For each A E Lx and each a E L\(O), denote F(A, a) = (A),,,, 
H(A, a) =n {cl(A,,,): cy E D(a)}, then 
(i) (L”, r]) is fully stratified e F(A, a) c H(A, a) for each A E Lx and each 
a E L\(O). 
(ii) (Lx, 7) is weakly induced @ F(A, a) 3 H (A, a) for each A E Lx and each 
a E L\(O). 
(iii) (Lx, 7) is induced @ F(A, a) = H(A, a) for every A E Lx and a E L\(O). 
Proof. (i) The necessity is obtained from Proposition 3.8. As for the sufficiency, by 
the proof by contradiction, it is easy to show that each constant mapping A is a 
closed set. 
_ 
(ii) (-) Since each (A),,, is a closed set, so (A)~,l=cl(A),,l=cl(A,,l). Note 
that (A)[,, = f? {(&=,: (Y ED}, then we have F(A, a) 1 H(A, a). 
(+) If A = A, we have 
A[,, = (A),,,= H(A, a) 1f-I {A,: a E D> = A[,,, 
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and hence A,,, = H(A, a), i.e., A,,, is a closed set in the underlying space. Hence 
A is upper semicontinuous, the space is weakly induced. 
(iii) By (i) and (ii). 0 
Before we turn to the interior operation on the stratifications, we point out an 
interesting fact: 
Proposition 3.10. Let (Lx, r]) be a fully stratified space. If A is an upper semicontinuous 
mapping on the underlying space, then A is a closed set in (Lx, 7). 
Proof. Since cl(AICI) = A,,.,, by Proposition 3.8, we have 
(A),~]c f-I {cl(At,,): c~P(b)I=n {At,,: c~P(b))=A~b]. 
Hence A=A. 0 
Remark 3.11. In Proposition 3.10, the structures of closed sets in induced spaces 
have been shown, i.e., they are just the family of all the upper semicontinuous 
mappings from the underlying space to L. The word “induced” means that the 
L-fuzzy topology 17 can be induced from upper semicontinuous mappings of the 
ordinary topological space (X, [v]), where L is a completely distributive lattice. 
Now we generally consider the family 011 of all the upper semicontinuous mappings 
from a topological space (X, Y) to a complete lattice L; then if L is infinitely 
distributive, it is easy to show that the family of all the finite unions of the elements 
in % is closed under arbitrary intersections, i.e., % is a closed subbase of a fuzzy 
topology on Lx ; if L is completely distributive, using the minimum sets theory, we 
can prove that (52 is closed under finite unions. Since Q is obviously closed under 
arbitrary intersections, % is a closed topology on L at this moment. Proposition 
3.10 just says that this topology % is just the collection which forms a closed topology 
consisting of upper semicontinuous mappings and containing all the constant 
mappings. For the global structure of a family of upper semicontinuous mappings, 
we have had other brief characterizations and we have proved that these characteriz- 
ations essentially depend on the complete distributivity of the range L. Please refer 
to the paper [8]. 
When we consider the interior operation in stratifications, for convenience, we 
can suppose that the completely distributive lattice L possesses an order reversing 
involution. So that, with this involution, we can induce the complement operation. 
Then the concepts of open sets, interior and so on can be naturally induced from 
the closed topology 7. But the assumption of the existence of the order reversing 
involution here can be omitted. In fact, for this purpose, we merely suppose that 5 
in a fuzzy topological space (Lx, 5) is an open topology, and replace upper semicon- 
tinuous mappings with lower semicontinuous mappings to define weakly induced 
spaces (i.e., in which each open set is a lower semicontinuous mapping), etc. Then 
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since the completely distributive lattice is a self-dual concept, we can parallelly 
obtain the results that the family of all lower semicontinuous mappings forms an 
open topology, and so on. Therefore, the following results on interior operation 
can be obtained under the condition that L is a completely distributive lattice. In 
addition, for the mappings which only take two values 0 and 1, it is easy to see from 
the definition that closed sets and open sets in the underlying space are complemen- 
tary to each other as usual. To avoid possible vagueness, in the following argument, 
we use A” to denote the interior of A E L” in a fuzzy topological space, and denote 
the interior operation in the corresponding underlying space by int. 
Proposition 3.12. Let L be a completely distributive lattice, B: (X, Y) + L be lower 
semicontinuous, x E X, B(x) = b, c E /3(b). Then there exists an open neighborhood U 
of x such that A {B(y): y E U}Z c. Therefore, for each weakly induced space (Lx, T) 
and each A E Lx, we have 
(A’),~Ic WA,,,). 
Proof. By Proposition 3.5’ and the definition of minimum sets, the open neighbor- 
hood U clearly exists. This means U c B,,,, and hence x~int(B,,,). So B[,,,c 
int(B,,,). Since (Lx, 7) is weakly induced, the open set A”: (X, [r,])+ L is lower 
semicontinuous, by the result we just proved, we have 
(AO)[,,, c int(AF,,) c int(A,,,). 0 
Theorem 3.13. (Lx, v) is weakly induced if and only if (A’)[,,,c int(A,,,) for each 
bE L, cE/3(b) and AE Lx. 
Proof. By Proposition 3.12, we need only to investigate the sufficiency. Let G be 
an open set in (Lx, v), we want prove that G is lower semicontinuous, i.e., for each 
a E L, prove H = {x E X: G(x) < a} E [ ~1. If it is not true, then there exists x E H\H 
(G is the closure of H in (X, [VI)), . i.e., each open neighborhood U of x intersects 
H at some point y,. Obviously, V {G(y,): U . IS a neighborhood of x} s a. Denote 
G(x) = b, since x E H, b % a. Use the proof by contradiction; it is easy to find that 
there exists c E p(b) such that c g G( yu) for each U, i.e., y, +Z G,,, Hence x E 
int( G,,,). But x E Gchl, this is a contradiction. 0 
Lemma 3.14. Let (Lx, v) have an open set ax, then for each A E Lx, int((A”)Lal) = 
int(Al,& 
Proof. Denote U = int(A[,,). Clearly, int((A”)I,l) c U. On the other hand, we have 
U c A,,,, aU c A. Since aU = U n aX is an open set in (Lx, v), so aU c A”, i.e., 
U c (A”),,,, U = int( U) c int(A”),,,. 0 
Theorem 3.15. Let (Lx, 17) be an L-fuzzy topological space, for each a E L\{O}, D(a) 
is a minimum set of a. For each a E L\(O), denote F(A, a) =(A”),,,, H(A, a) = 
n {int(A[,J: cy E D(a)}, then: 
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(i) (Lx, T) is fur/y strutiJed ti F(A, a) 3 H(A, a) for each A E Lx and each 
a E L\(O). 
(ii) (Lx, 17) is weakly induced e F(A, a) c H(A, a) for each A E Lx and each 
a E L\(O). 
(iii) (Lx, 7) is induced e F(A, a) = H(A, a) for each A E Lx and each a E L\(O). 
Proof. (i) (a) By Lemma 3.14, int(A,,,) = int((A”),,,), then F(A, a) = n {(A’)[,,: 
CY E D(U)} 1 n {int(A”)[,]: a E D(U)} = n {int(A,,,J: a E D(U)} = H(A, a). 
(e) By reduction to absurdity, it is easy to show that for each constant mapping 
A : X + L, we always have A = A”, and hence the space is fully stratified. 
(ii) By Theorem 3.13. 
(iii) By (i) and (ii). 0 
4. Normality and insertion theorem 
We shall simultaneously consider open sets and closed sets in this section. If the 
range L is a completely distributive lattice with an order reversing involution “I”, 
then closed sets and open sets are complementary. Notice that all the involved 
closed sets are upper semicontinuous mappings from the underlying space to L, 
their complementary sets are just the corresponding lower semicontinuous mappings. 
Therefore, we can omit the assumption of the existence of order reversing involution 
and suppose L is a completely distributive lattice only. We shall consider the closed 
sets and open sets as upper semicontinuous mappings and lower semicontinuous 
mappings from the underlying space to L, respectively. As for weakly induced 
spaces, for the diverse case, it can be considered as the spaces in which each closed 
set is an upper semicontinuous mapping (we may call them “closed” weakly induced 
spaces, etc.), or the spaces in which both the above two conditions are fulfilled, 
respectively. 
Definition 4.1. An L-fuzzy topological space (Lx, 7) is called normal, if for each 
open set U and each closed set F such that F c U, there exists A E Lx such that 
F c A” c A c U, where A” and A denote the interior and the closure of A in (Lx, T), 
respectively. Moreover, if A is both open and closed in (Lx, 7) such that F c A c U, 
then we say the insertion theorem holds in (Lx, v), or equivalently, the inserting 
mapping exists. 
Proposition 4.2. Let (Lx, 7) be weakly induced, then the normality of (Lx, 7) implies 
the normality of the underlying space (X, [v]). 
Proof. Suppose F is a closed set and U is an open set in the underlying space 
(X, [ ~1); there exists an open set V such that F c Vc v c U. Take any LY E p(l), 
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note that F and U are ordinary sets; by Theorem 3.13, we have 
F= F,,,c V,,,cint(V,,,)c VIaIc U,<?,= I-J. 
Since (Lx, 7) is weakly induced, V is upper semicontinuous, i.e., Vt,, is a closed 
set. Hence take W = int( VraI), we have F c W c WC U. The proof is completed. q 
In the following, we turn to the main aim of this paper, i.e., the relations among 
the normality of underlying spaces, the normality of induced spaces and the existence 
of the inserting mapping. 
We point out that in a weakly induced space, the closure (or the interior) of an 
ordinary set A is the same as its closure (or the interior) in the underlying space 
(see [6, Proposition 31). 
In the sequel, except the other explanation, the complement operation “I” is 
always the complement operation in usual set theory. 
Lemma 4.3. Let (Lx, 7) be a weakly induced space, F and U be a closed set and an 
open set, respectively, and F c U, L, be a join-generating set of L, a E L, . Then ( UrCE1)’ 
and IJ {F,,,]: aab, bE L,} are separated in (X, [v]), i.e., each closure of one of 
these two sets does not intersect with the other set. 
Proof. Denote the above two sets by A and B. If a -=I b, F~,,]c F,,l c Ur,). Since 
(Lx, 7) is weakly induced, Ft,, is a closed set, hence I? n A = 0. On the other hand, 
if au 6, by Proposition 3.12, for the open set U, we have F~,,]c L/rbI = 
( U”),,, c int( Ural), thus B = int( UC,,). But int( Ural) c U,,), (ural)‘c (int( Ucal))‘, so 
BnA=B. 0 
Lemma 4.4 [2]. Let A, B be separated F,-sets in a normal space, then there exist open 
sets Uand Vsuch that Un V=0, AC U, Bc V. 
Theorem 4.5. Let L be a completely distributive lattice, (Lx, 7) be an induced space, 
Fand U be an open set and a closed set respectively, and F c U, L, be a join-generating 
setofL,AELX; then F c A”c A c U if and only if for each a E L, , 
U {6h1: b E L,, a abl= int(A,d= cl(4,1)= Ur,l, 
where int and cl denote the interior operation and closure operation in the underzying 
space, respectively. 
Proof. (Necessity) By Proposition 3.12, (A”)IhI~ int(At,,). Since the space is 
induced, Ara1 is a closed set in the underlying space, by ALaIc Ara1, we have 
cl(At,,) c (A)[,]. Hence we have F,hl~ (A”)[,,, c int(A,,,) c A,aI~ cl(At,,) c 
(A),,, = Ut,,. 
(Sufficiency) Take any a, bg L,. By Lemma 1.5, D= {a: a E L,, au b} is a 
minimum set of b. By Theorem 3.15(iii), (A”)[bI = n {int(A[,,): a E D}. But by the 
assumption of this proposition, F,,,, c A,,, for each a E 0, so FL,,, c (A”),,,,. Since 
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b is arbitrary, Fc A”. On the other hand, since D is a minimum set of b, ULhI = 
n { Uca,: a ED}. By Theorem 3.9(iii), (A) [b, = n {cl(A[,,): a E D}. Now by the 
assumption cl(At,,) c Ur,, (a E D), A,,,, c Urhl, and hence AC U. The proof is 
completed. Cl 
Theorem 4.6. Let L be a completely distributive lattice with a countable strictly join- 
generating set L,, (Lx, TJ) be an induced space, then the following conditions are 
equivalent: 
(i) The insertion theorem holds in (Lx, 7); 
(ii) (Lx, 77) is normal; 
(iii) the underlying space (X, [ 71) is normal. 
Proof. The implication (i)+(ii) is clear. By Proposition 4.2, (ii)+(iii). Now we 
prove (iii)+(i). Let F, U be a closed set and an open set in (Lx, r]), respectively, 
and F c U. In the following, we shall construct a closed and open set C via 
determining its stratifications such that F c C c U. By Lemma 1.6, we can suppose 
L, is a subset of M(L) (the set of all the join-irreducible elements of L), denoted 
by {czi: i E N} (N is the set of all natural numbers), where the (Y~ are different to each 
other. For each i E N, denote Gi = { Fr,,: a E L,, ai a a}. We shall inductively con- 
struct a family of ordinary sets {A,, : i E N} such that 
(a) G, = (A,,)” c A,, c UL~,I, 
(b) LY, a (Y~ and (Y; < aj=3(Aa~)’ = A,, , especially, A,, = A,,. 
When i = 1, by Theorem 3.15(iii), (U,_,,) ’ is an F,-set. Since the space is weakly 
induced, each Frc2, is a closed set in the underlying space, and hence G, is an F,-set, 
too. By Lemma 4.3, G, and ( Ura,,)’ are separated. By the normality of the underlying 
space and Lemma 4.4, there exists A,, satisfying the inductive conditions (a) and 
(b). Now suppose k E N, for each i < k, A,, satisfying (a) and (b) has been obtained. 
Divide these i into two parts Jo = {i: i < k, ok a at} and J, = {j: j < k, oj a ok}. 
Denote E = Gk u (IJ {A,,: i E JO}), F = ( ULnAl)‘u (IJ {(A,,)O’: j E J,}), then we shall 
prove that E and G are separated. In fact, by Lemma 4.3, Gk and ( Ure,,)’ are 
separated in (X, [n]). By condition (b), U {x: iE JO} and U {(AJO’: jg J,} are 
disjoint closed sets. Furthermore, by condition (a), when j E J, , we have Gk c FrWiI = 
Fru,, c G; = (A,,)“, and hence Gk = n {(AJ: j E J1}, i.e., Gk and U {(A,~)“: j E J,} 
are separated. At last, for i E JO, by condition (a) and Proposition 3.12, A,, c Ura,, c 
( UrJ, i.e., ( UcaJ’ and IJ{A,,: iEJ,,} are separated. Therefore, E and F are 
separated in (X, [q]). Since L, is countable, G,, is an F,-set. By Theorem 3.15(iii), 
( ULnr,)’ is also an F,-set. Thus both E and F are F,-sets. So that by Lemma 4.4 
there exists an ordinary set A,, such that E c (A,,)Oc AmI c F’ and A,, satisfies 
conditions (a) and (b). The induction is completed. 
In the following, we shall use these A,, to construct the required set C E Lx. For 
each kEN, let C,, = n {A,!: oj E L,, aj a ak}. By Proposition 2.2, C = 
V {aC,: (Y E L,} satisfies Cr_i, = C,,. We say C is just the required mapping, i.e., C 
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is both closed and open in (Lx, 7) and F c C = U. But for the need of the proof 
of the following Theorem 4.7, we shall prove F c Co= C c U first. By Theorem 4.5, 
we need only to prove G, c ( Cta,))‘c CL,,, c Ura,j for each (Yi E L, . By condition (b), 
if a;- 4 (Ye, we have A,, 1 A,,, and hence by the definition of C, we have Amx c C,, 
(this fact will be used again in the following). So that by condition (a), Gi c (Amr)“c 
(C,,)” = ( Cra,,)“. On the other hand, C,,,, c n {A,,: Cyi 4 ak, (Yj E L,}. By Lemma 1.5, 
D = {aj : aI E L, a, 4 ai} is a minimum set of ai, hence Ura,, = n { Ur,,]: aj E D}. Now 
from condition (a), we have Tc Ura,], and hence C,a,lc UrU,] (note that we have 
proved the normality of (Lx, 7) here, and we have not required that L, is countable 
strictly join-generating but only asked it to be a countable join-generating set). In 
the following, we shall use the fact that L, is a countable strictly join-generating 
set to prove that C is both a closed and an open set. For this, we need only to 
prove C c C”, or for each (Y E L,, prove (C)rU1 c (C”)tul. Denote P(a) n L, and 
(P(a)\{a})n L, by o(a) and A(a), respectively. Lemma 1.5 shows that both a((~) 
and A(a) are minimum sets of (Y. By the last part of Proposition 1.3, it is easy to 
see {a: g E A(s), 6 E A(8)) 1 A( 6). As for the inverse inclusion, it is clear. So these 
two sets are equal. Thus we have 
(C)ra] = n {(Ctv,): -YE O(a)) (Theorem 3.9(iii)) 
= n u-7 {Aa: 6 E WY)): -YE .n(a)l 
=n{(A,: sEfiqa~j (Proposition 1.3) 
= n {n {(A,)“: CTE A(s)}: 6 E O(Q)} (condition (b)) 
=n {(A,)“: FE A(a)) 
~nwx: a~ACa)l (A, c Cc,) 
= (qn, (Theorem 3.15(iii)). 
The proof is completed. 0 
Theorem 4.7. Let L be a completely distributive lattice with a countable join-generating 
set, (Lx, 77) be an induced space, then (Lx, 17) is normal if and only if its underlying 
space is normal. 
Proof. By Proposition 4.2, the condition is necessary. As for the sufficiency, it has 
been shown in the first half of the proof of Theorem 4.6. q 
5. Counterexamples 
Example 5.1 shows that the assumption: “The join-generating set is strict” in 
Theorem 4.6 cannot be omitted. Example 5.2 shows that the assumption: “The 
join-generating set is countable” in Theorems 4.6 and 4.7 is also necessary. 
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Example 5.1. Suppose L is a completely distributive lattice with an order reversing 
involution, but it has not a strictly join-generating set (note: each finite lattice has 
no strictly join-generating set). Let (X, Y) be a normal space with a closed set F 
and an open set U such that F c U but there does not exist any closed and open 
set W such that F c W c U (note: e.g. each connected T,-space). Then the insertion 
theorem does not hold in the induced space (Lx, r]) of (X, Y). In fact, since L has 
not a strictly join-generating set, there exists a E L such that {c: c < a} = b < a, i.e., 
(b, a) is a gap. Take fi = uU u bX, E = UF u bX, clearly, F is a closed and fi is an 
open set in the induced space and P= fi If the insertion theorem holds in (Lx, v), 
then there exists a closed and open set I@ such that E c I@c fi. Take any x E X, 
we should have b s g’(x) G k@(x) s c(x) c a. Since (b, a) is a gap, g(x) must be 
either a or b. Let W ={XE X: l@(x)> a}, W is obviously a closed set in (X, 9) 
and F c W c U. Since I%‘(x) 3 ue I@(x) G b, so the complement set of W is 
{x E X: I?(x) < 6). Since I$’ is an open set in the induced space, so the set 
{x E X : @I(x) s b} is a closed set in (X, Y), i.e., W is an open set in (X, Y). There- 
fore, W is both a closed set and an open set in (X, S), this is a contradiction. 
Example 5.2. Let wO and w, denote the first countable ordinal number and the first 
uncountable ordinal number, respectively. w,+ 1 = w,, u {oO}, w, + 1 = w, u {w,} are 
equipped with the order topology. Let X = (w,+ 1) x (wI + I), then the product space 
X (i.e., the Tychonoff plane) is a normal compact space. We construct the completely 
distributive lattice L as follows. In fact, we can construct L to satisfy stronger 
conditions, i.e., it not only is a completely distributive lattice, but it also has an 
order reversing involution ““‘. Let P(w,) be the power set of w, equipped with the 
inclusion order, then it is a completely distributive lattice. Take a copy of it, denoted 
by d. Take the opposite lattice of 6, denote it by Q. We can suppose fi does not 
intersect with 0. For each a E P(w,), denote the corresponding element in fi by a’ 
and the corresponding element in 0 by a. Moreover, we suppose that both d and 
0 do not intersect with the open interval (-1, 1). Now take L = d u (-1,l) u Q, 
define a partial order s in L as follows: for each a, b E P(w,) and each t E (-1, l), 
besides this, the elements in (-1, 1) still preserve their order of real numbers. The 
order reversing involution on L can be defined by 
ifz=a, 
3 if zE (-1, l), 
ifz=a”. 
Denote the smallest element and the largest of L by Q and 1, respectively. Clearly, 
L is a completely distributive lattice with an order reversing involution and has not 
any countable set (but it has a join-generating set with the cardinal number w,). 
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We say the induced space (Lx, n) is not normal. In fact, take F, U E Lx as follows: 
0 
F(x,.Y)= i: 
( 
ifx<w,, 
if(x, y) = (~0, a,), 
I.?>, ifx=w0,.v<wr, 
( 
1 
U(x,y)= a: 
ify<w,, 
if(x, Y) = (6~0, wr), 
1 -l/(x-t l), ifx<w,,y=w,. 
Since for each LY E M(L), both FL,, and Utal are closed sets in X, so F and U’ are 
closed sets in the induced space (Lx, 7) and F c U. If (Lx, 77) is normal, then there 
exists A E Lx such that F c A”c AC U. Take b = 3, then lJ {Frcrl: a E M(L), b D 
a} = {cog} x OJ, (denote it by H), CI,,) = X\(W,X {w,}). By Theorem 4.5, we have 
H c (Ar,,,)“= (AU,,) = X\(w,x {or}). 
Therefore, H and wg x {w,} can be separated in X by their own open neighborhoods. 
But X is the Tychonoff plain, this separation is impossible (refer to [5, Chapter 4, 
Question F]), a contradiction! Hence (Lx, 77) is not normal. 
The two counterexamples mentioned above show that the normality of an induced 
space (Lx, 77) and the existence of the inserting mapping closely relate to the structure 
of L. 
Remark. Some results of this paper have been exchanged in the International 
Symposium on Fuzzy Systems and Knowledge Engineering (Guanzhou, 1988). The 
present work is the improvement and extension of these results. 
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